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Abstract—This paper proposes and evaluates a new statistical
discrimination measure for hidden Markov models (HMMs) ex-
tending the notion of divergence, a measure of average discrimi-
nation information originally defined for two probability density
functions. Similar distance measures have been proposed for the
case of HMMs, but those have focused primarily on the stationary
behavior of the models. However, in speech recognition applica-
tions, the transient aspects of the models have a principal role in
the discrimination process and, consequently, capturing this in-
formation is crucial in the formulation of any discrimination in-
dicator. This paper proposes the notion of average divergence dis-
tance (ADD) as a statistical discrimination measure between two
HMMs, considering the transient behavior of these models. This
paper provides an analytical formulation of the proposed discrimi-
nation measure, a justification of its definition based on the Viterbi
decoding approach, and a formal proof that this quantity is well
defined for a left-to-right HMM topology with a final nonemitting
state, a standard model for basic acoustic units in automatic speech
recognition (ASR) systems. Using experiments based on this dis-
crimination measure, it is shown that ADD provides a coherent
way to evaluate the discrimination dissimilarity between acoustic
models.

Index Terms—Acoustic discrimination measures, hidden
Markov models (HMMs), information theory, Kullback–Leibler
distance and divergence, speech recognition.

I. INTRODUCTION

H IDDEN Markov models (HMMs) have been highly suc-
cessful in modeling complex time series such as speech

[12] including other generalizations in modeling a wide variety
of spatial stochastic phenomena [3], [22], [23], [39]. The prin-
cipal reasons for this success are due to its ability to efficiently
model the significant statistical dependencies of a wide variety
of stochastic processes as well as the existence of computa-
tionally efficient parameter estimation techniques such as the
Baum–Welch algorithm [16], [27], [40] and maximum a poste-
riori (MAP)-based inference algorithms [21], [26].
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The need for comparing different HMMs through appropriate
distance measures often arises in a variety of contexts. Con-
sider for example automatic speech recognition. Some of the
applications in this scenario include evaluation of the reestima-
tion processes [1], formulation of new training techniques [5],
redefinition of acoustic units [19], model clustering [7], multi-
lingual phoneme mapping [20], vocabulary selection [18], and,
more recently, pronunciation variation analysis [13]. Further-
more, similar to the language-model perplexity measure [10],
the HMM distance measure can be used to provide information
about acoustic level complexity [14] in discriminating between
basic subword units. The availability of quantitative indicators
of complexity at different levels of linguistic abstraction in an
ASR system can support more reliable ways of information in-
tegration and can help provide further insights into the role of
each component in the overall decoding process.

The Kullback–Leibler distance (KLD), or relative entropy, is
the average discrimination information per observation between
two hypotheses modeled as random variables [9], [24]. In its
original formulation, these hypotheses are characterized by two
probability density functions (pdfs), and . In this context,
the Kullback–Leibler distance between hypothesis with re-
spect to is given by

(1)

where is a necessary condition for the KLD to be well
defined [9].1

Using this quantity, it is possible to define the divergence
, (2), a symmetric statistical measure of the average

information per observation in discriminating between and
, [9]. Although it has been shown that is not a

metric in the space of probability distributions (in particular, it
does not satisfy the triangle inequality), it is an accurate indi-
cator of the difficulty in discriminating between two hypotheses,
which explains its wide use in the context of discrimination
and classification problems based on the decision-theoretic ap-
proach [1]–[4], [8], [25], [38]

(2)

Despite its precise formulation, there is no closed-form analyt-
ical expression for the KLD and divergence between hypotheses
modeled as probabilistic functions of Markov chains or HMMs
[12], [34]. Moreover, even in the case of hypotheses modeled
as continuous random variables, the KLD has closed-form

1� is the probability measure induced by the probability density function
(pdf) f , i 2 f1; 2g, and � � � means that for any measurable set E, if
� (E) = 0 ) � (E) = 0.
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expression only for a small family of distributions, such as
Gaussian and generalized Gaussian density functions [3], [4],
[9]. Related to that, Vasconcelos [8] has recently addressed
the problem of finding an approximate closed-form expression
for the KLD between Gaussian mixture models (GMMs)
and its connection with vector quantizer (VQ)-based density
estimation. A closed-form expression was derived for the case
of vector-quantizer models and based on that, an approxima-
tion considered valid for high-dimensional feature space was
proposed for the case of GMMs. This result is particularly
interesting because of its connection with the case of contin-
uous-density hidden Markov models (CD-HMMs), although
this connection was not explored in [8].

Returning to our original problem, the initial efforts to
extend the Kullback–Leibler distance concept to the case of
HMMs have focused just on the stationary behavior of the
models [1], [2]. These approaches are constrained to the case of
ergodic Markov sources and use their invariant distribution to
asymptotically approximate discrimination indicators, such as
the asymptotic approximation of the Kullback–Leibler distance
rate (KLDR) based on Monte Carlo simulation techniques
proposed by Juang et al. in [1], and the deterministic upper
bound of the KLDR based on the parametric representation of
the models proposed by Do [2].

However, in speech recognition, the transient aspects of the
models play a crucial role in the acoustic discrimination process,
in which we can say that the transient characteristics correspond
to the model information directly associated with the family
of transient states defined by the underlying Markov chain of
the models [15]. HMMs are used to incorporate the nonsta-
tionary behavior of basic phonetic or subword units in which
the transient aspects of the model, given the standard left-to-
right topology with final nonemitting state, are reflected in all
the emitting states and their observation distributions, that in-
troduce the statistical behavior of pseudo-stationary segments
of the signal (in the order of 20–30 ms), and the stochastic
state-transition matrix constrained to these observables states,
which represents the dynamic evolution of the process. There-
fore, the relevant discrimination information of the left-to-right
HMMs is clearly nonstationary and, consequently, the KLDR
concept which is formulated based on the invariant distribution
of the processes cannot be naturally extended to this context.
In fact, if the invariant distribution for the classical left-to-right
topology with a final nonemitting state is considered, this dis-
tribution puts all the probabilistic mass in the final state, disre-
garding all the relevant dynamic information of the process, and
under this condition, the KLDR does not provide any discrimi-
nation information.

Falkhausen et al. [6] addressed this problem by means
of modifying the standard left-to-right HMM topology,
connecting the last emitting state with the initial one. This
process makes the underlying Markov chains of the models
irreducible and aperiodic, and, as a consequence, the KLDR
based on Monte Carlo simulation can be applied [1]. In
addition, [6] proposes an approximation of the KLDR using
the Viterbi decoding scoring paradigm, which amazingly
induces the same closed-form upper bound expression for
the KLDR analytically derived in [2]. In [7], this last

expression was extended to the case of CD-HMMs, and, in
addition, an empirical generalization was proposed which is
no longer analytically related with the KLDR definition. In
general, these directions are based on significantly altering
the dynamic structure of the original models to enable
the use of discrimination indicators based on the invariant
distribution of the modified models. However, the dynamic
information can be considered significant in the process of
discriminating inherently transient time–series models, as in
the case of basic subword units, which is clearly reflected
in the fact that after the model modification to make the
underlying Markov sources irreducible and aperiodic, they
are no longer representative of the nature of the acoustic
phenomena.

On the other hand, it is always possible to approximate the
KLD and the divergence between HMMs, (1) and (2), using
Monte Carlo simulation techniques, under the assumption that
these discrimination quantities are analytically well defined,
as explored in [19]. It is well known that this method asymp-
totically converges to the original discriminator indicators
[11]; however, it suffers from slow convergence behavior, an
important aspect not explored in [19], that makes this approach
computationally demanding in particular for the case of non-
stationary random processes, which is the case of interest of
this work. This issue has motivated a general direction for
approximating KLD by a deterministic closed-form expression
of the parametric representation of the models [2], [7], that can
significantly reduce the computational cost, as shown in [2]
for the case of dependence tree models [36], and also provides
insights about the discrimination behavior of models as a func-
tion of their parametric representations, in which closed-form
expressions are particularly useful [5], [35].

The present work goes in the general direction of approxi-
mating or constraining the original KLD and divergence defini-
tion for the case of standard acoustic time series models without
altering their inherent transient structure, to derive meaningful
closed-form discrimination indicators based on their parametric
representation. Along this general direction, Singer et al. [5]
proposed an upper bound for the KLD between acoustic HMMs
based on the log-sum inequality [41]. A closed-form parametric
approximation of this upper bound was derived only for the
case of HMMs with discrete observation distributions, where
this upper bound was used to derive a new training objective
function that explicitly takes into consideration how similar con-
secutive models are in the reestimation progression. Do [2] ex-
tended this upper bound formulation to general CD-HMMs and
proposed a recursive approximation as a function of the number
of observations of the models involved. This formulation was
used to derive an upper bound for KLDR between HMMs with
ergodic Markov sources, as previously mentioned, but in fact, it
can be also used to inductively extend an upper bound for KLD
between left-to-right CD-HMMs. However, there is no proof
that the upper bound series generated by this inductive process
is well defined, and even in that case, if that indicator is mean-
ingful from a discrimination point of view, given that in each
iteration of its recursive derivation, there is loss of discrimina-
tion information because of the log-sum inequality property on
which it is based upon. This is an accumulating process that



892 IEEE TRANSACTIONS ON AUDIO, SPEECH, AND LANGUAGE PROCESSING, VOL. 14, NO. 3, MAY 2006

can result in an overestimate approximation of the KLD. Con-
sequently, this upper bound formulation has not been developed
and explored for standard left-to-right CD-HMMs.

We propose a novel way to address this problem, in the sense
that instead of finding approximation for the original KLD and
divergence for the case of left-to-right CD-HMMs, we focus on
the model fraction that is more relevant from a discrimination
point of view. We simplify the formulation of the KLD and di-
vergence to principally capture this relevant model discrimina-
tion contribution in the process of making this new discrimi-
nation formulation analytically tractable. In particular, the key
idea is to capture most of the model discrimination information
given its transient nature.

Toward this goal, we propose the average divergence distance
(ADD) as a statistical discrimination measure between left-to-
right CD-HMMs. The derivation of this discrimination indicator
is based on conditioning the divergence between HMMs on their
underlying state Markov processes, which focuses the discrimi-
nation behavior at the observation distribution level models, em-
pirically known to be the model fraction which provides more
valuable discrimination information [1]. We show that ADD is
analytically well defined in our case of interest, i.e., HMMs
with left-to-right topology with final nonemitting state, and a
closed-form expression function of the parametric representa-
tion of the models is derived using a dynamic programming
technique. Notably, the ADD is shown to be a coherent indi-
cator of the discrimination information between basic acoustic
units, based on both theoretical analysis and experimental re-
sults, and in the latter case, under different acoustic discrimina-
tion conditions.

The rest of the paper is structured as follows. Section II be-
gins with the formulation and definition of the ADD. Section III
presents a dynamic programming approach for the general case
of ADD computation. In Section IV, the specific case for HMMs
with left-to-right topology and final nonemitting state is pre-
sented, where the fact that the ADD is well defined is formally
proved. Section VI proposes an algorithm to recursively esti-
mate this measure, Section VII some scenarios of evaluation,
and finally, Sections VIII and IX provide discussion and con-
clusions, respectively.

II. AVERAGE DIVERGENCE DISTANCE (ADD)

Our method proposes to calculate an average discrimination
indicator that considers the mapping between all the potential
states of the HMMs being compared based on a representation
of the divergence calculated at the observation distribution level
of the models. We consider the standard representation [12] for
the two hidden Markov models , ,
evaluated in this context.2 Both models characterize the joint
process distribution of the observation and the un-
derlying state process with outcomes in the contin-
uous space and discrete alphabet , respectively.3 First, an
elemental case is presented and then this result is extended to the

2� is the initial state probability distribution, A is the stochastic matrix of
the Markov chain and B = (b (o)) is the array of observation proba-
bility distributions, where k is the model index in {1, 2}.

3It generally considered that the models have different state spaces denoted
by X and X , respectively.

general case, following the methodology proposed by Printz et
al. in [14].

The elemental case considers that both models have only one
hidden state alignment. Let us define models
and , both with a left-to-right topology,
states with final nonemitting state

, initial state distributions given by and stochastic
matrices with transition probability equal to 1

. Under this restriction, the KLD between the models is
given by

(3)

where refers to the expectation operator and is the
observation distribution of the model in the state .

The first equality arises because only a sequence of ob-
servations can be generated given the topology of and the
nonemitting final state . The second equality is because
only one state sequence is possible given the assumption about
the initial state distributions and stochastic matrices of and

. The third equality is because of the Markov property, and the
last two are because of the KLD definition [9]. Using this result,
the divergence is given as the sum of the divergences
between the observation distributions of the models under this
particular state mapping in (4)

(4)

In this simple case, only one state mapping exists between the
models, but in the general case, multiple state associations are
possible. As a consequence, the well-defined result obtained in
(4) can be naturally extended to define the ADD as the expected
value of the divergence given the underlying state mapping

process that we denote by taking values in
in (5)

(5)

It is important to note that has the same
structure presented in (4), because it specifies the divergence
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that is constrained to only one particular state mapping

, and the fact that given the state
sequences of both models, the observations at different times are
conditionally independent. Consequently, the KLD and the di-
vergence in this context are additive as a function of the number
of observations (6)

(6)

Finally, if we consider as a random
variable of the underlying state mapping process , then
the ADD is the expected value of this random variable (5).
This expression can be interpreted as the divergence between
the models and conditional to the underlying state
mapping process , which principally captures the average
discrimination behavior at the observation distribution level of
the models. The following sections show that this formulation
makes the problem analytically tractable and further, allows
computing it using a dynamic programming technique.

In addition to the self ADD formulation presented in this sec-
tion, Appendix I shows an analytical justification of the ADD by
means of explicitly introducing in the KLD definition the fact
that the Viterbi algorithm approximates posterior probabilities
considering the most likely underlying state sequence, where by
using some simplifications, the resulting Viterbi version of the
divergence reduces to the ADD formulation.

III. STATE MAPPING PROCESS

Let us define the product Markov chain mod-
eling the statistical behavior of the state mapping process

, considered in this context as a family
of random variables indexed by . It is natural to assume
that is the coupling of two independent Markov chains
associated with the original HMMs that we want to compare
[15]. More precisely, considering the hidden Markov model

defined in the finite state space and the
hidden Markov model in the finite state
space , then the product Markov chain
in is defined as

(7)

Let us consider that each state in has only one
observation, the divergence between the observation distribu-
tion associated with this particular state mapping,

, which is what we define as the divergence

cost function in the state space . Then, using (5) and (6),
the ADD in this context is given by

(8)

where represents a right-side state mapping se-
quence, and is the divergence cost
associated with the sequence , extending the relation observed
in (4). This last expression can be interpreted as an average cost
with respect to the state mapping process ,
where the cost of each state alignment or realization of this
process is additive as a function of its length. The next section
makes use of this property to derive a dynamic programing ap-
proach to compute it.

A. Dynamic Programming Implementation

The expression in (8) considers the expected value of the en-
tire possible path in the product Markov chain . The struc-
ture of this problem is equivalent to the structure used to calcu-
late the probability of a sequence of observations given a HMM
[12], but with the additional complication that there is no re-
striction on the length of state mapping paths as in the former,
in which the observation sequence has a finite length. There-
fore, a dynamic programming approach can be used to solve
this problem. The idea is to define the expected value of the
truncated divergence cost of state mapping sequences of length

constrained to a particular final state in , by the for-
ward coefficient (9)

(9)

The relationship between and the original problem
is derived as
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And, finally from the definition of

(10)

Using the Markov property of the process, it is possible to derive
a dynamic programming recursion, which allows solving the
problem of length as a function of the problem of length

. The derivation of this forward equation is given below.4

(11)

Let us define the column vector and
, so that (11) has the following vector expression:

(12)

where is the column of the stochastic matrix .
This relation is valid for all in and, hence, the dynamic

recursion for the vector is given by

(13)

where is the column vector
.

This dynamic recursion allows finding for all and con-
sequently asymptotically approximates the ADD between the
models (10). However, it is necessary to analyze under what
conditions converges and as a consequence, that the ADD
is well defined. This problem is addressed next.

4From this point we make implicit the � dependency to characterize the
Markov distribution of f �S g .

IV. CONVERGENCE ANALYSIS

Using the initial condition for the forward coefficient
, a closed-form analytical expres-

sion for can be obtained using the dynamic recursion in (13)

(14)

This formulation for does not, however, guarantee a closed
form expression for . Furthermore, we need to
first analyze if asymptotically converges, (10). Actually,
if the Markov process has an invariant state distribution

, and the stochastic matrix is irreducible and ape-
riodic, then the additive term in (13) converges to

, [15] (p. 40). If has at least one nonzero
component, then the ADD diverges for this particular case, (10)
and (14). A solution in this scenario is to modify the original def-
inition of the ADD using the concept of entropy rate [24] and the
Ergodic Theorem [15, p. 53] to obtain the following expression:

(15)

This average divergence distance rate (ADDR) only takes into
consideration the discrimination behavior with respect to the in-
variant distribution of the product Markov chain. Note that al-
though this context is not the main focus of this work, the above
definition shows that the ADD formulation can be extended to
the case of stationary and ergodic underlying Markov processes.

The next section is devoted to proving that the ADD is well
defined for our case of interest where the hidden Markov models

and have left-to-right topology with a final nonemitting
state.

A. ADD for Left-to-Right HMMs With Final Nonemitting State

Let us restrict the previous analysis to the case of HMMs
with left-to-right topology and a final nonemitting state
[Fig. 1(a)]. Also, let us assume that each Markov model

and starts in the initial state with probability one.
Given that the number of observations between these two
models should be the same, in order to make the time se-
ries model comparable, any transition to the set of state

in
represents the transition to the end of one of the models.

Because it is not possible to obtain the divergence if one of the
states is nonemitting, it is natural to assume that

(16)

Under this assumption, the divergence function is null for
any state in . Then. can be reduced to only one state
representation in the product state space , the final ab-
sorbing state of null divergence function [Fig. 1(b)]. Given this
simplification, it is clear that the invariant distribution for the
product Markov process puts all the probabilistic mass in
this absorbing final state . The next theorem proves that the



SILVA AND NARAYANAN: AVERAGE DIVERGENCE DISTANCE 895

Fig. 1. Topology of the product Markov chain � for the case of HMMs � and � with left-to-right topology and a final nonemitting state.

series that characterizes the ADD [(10) and (14)] in this partic-
ular case converges.

Theorem 1: Let and be HMMs with left-to-right
topology and an absorbing nonemitting final state, then the
ADD between these two models is well defined

Proof: First, let us introduce some definitions. Let
be the collection of transient states5 and

and the stochastic transition matrix and initial probability
distribution, respectively, restricted to the transient states

Extending this definition for the dynamic coefficient, we have

where and are the vector representations of the forward
coefficient and the additive term restricted to the transient states
(13).

Given the topology of the product Markov chain[Fig. 1(b)]
and the fact that the final state is absorbing, we have the fol-
lowing dynamic recursion for this restricted forward variable:

(17)

Using the general dynamic recursion in (11), the forward coef-
ficient for the final state is given by

(18)

5P ( �S = s for infinitely many n) = 0, [15, p. 24].

If we define the vector as the probability
of transition to the final state from the transient states set

, and considering that and that this final state is
absorbing, the expression in (18) is reduced to

(19)

And by induction is a linear combination of forward coef-
ficients of transient states of all previous steps, and is given by

(20)

In general, we have that the ADD is given by [from (10)]

(21)

The next part is devoted to proving that the forward coefficients
of transient states vanish when tends to infinity and conse-
quently are not directly part of the asymptotic ADD formula-
tion, specified by (21).

In order to do that, let us consider the following upper bound
for the forward coefficient :

(22)

Then the problem is reduced to studying the convergence be-
havior of , . Actually, if we prove that this
term decays geometrically, the forward coefficient tends to zero.

To provide some intuition about the geometric decay of
for each transient state, let us assume that the

process starts in this particular state . Because of the topology
of [Fig. 1(b)] , which
is the classical state duration distribution for a Markov process.
In general, the process does not start in a particular transient
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state, unless for the initial state [Fig. 1(b)],
but with probability 1 the process reaches any transient state
in a finite time. This is equivalent to saying that the random
variable , the hitting time of s, is finite
almost surely. Using the strong Markov property [15] (Theorem
1.4.2, p. 20), the state mapping process is a
Markov process with the same stochastic matrix and
initial state distribution given by . Therefore, after this time,
the probability of remaining in shows a geometric decay.
However, given that the stopping time is not deterministic,
but is actually a random variable, this pure geometric decay is
not obtained.

More precisely, we are going to prove that
and such that

To prove this assertion we use the following Lemma.
Lemma 1: Let us consider a transient state in a discrete-

time Markov chain with finite state space , and let
us define the set of transient states different from
but that lead to in . In addition, let us assume that

for some and

Then, and , such that

Proof: See Appendix II.
Using this lemma, the specific topology of [Fig. 1(b)]

and the initial probability distribution , it is possible to
inductively prove that each transient state has a probability
bounded by the following expression:

(23)

where , and the term is equal to the min-
imum number of transitions in the product Markov chain ,
which connects the initial state [Fig. 1(b)] with the particular
transient state . Therefore, the exponential decay dominates the
convergence behavior of and using (22), the forward
coefficient for transient states tend to zero.

Consequently, there is no a direct contribution of the forward
coefficient of transient states in the asymptotic definition of the
ADD (24)

(24)

However, the forward coefficient of the final state accumulates
the entire history of the forward coefficients of transient states
(20). Actually, ADD is a series in which each term, as a func-
tion of , is a linear combination of forward coefficients of the
transient state at time , per (24). However, (22) and (23) show
that these coefficients are bounded by a geometric decay multi-
plied by a polynomial of finite order in . This result is enough
to prove that this series converges and consequently that ADD
is well defined. The details are presented below.

The term of the series that characterized the ADD, (24) can
be bounded by

where Let us define

then we have

(25)

and using the ratio test it is straightforward to prove that
.

V. DISCUSSION OF THE ADD FORMULATION

Finally, it is important to make some comments about the
final expression for the ADD between two HMMs with left-to
right topology and final nonemitting absorbing state (24). This
expression is given by

where

, . In this term, it is explicit that the
ADD accumulates the discrimination information of the tran-
sient states of the models, represented by the forward variable
of this family of states . In other words, its formulation in-
cludes the set of states that present observations in the models,
and as a consequence are directly relevant in the discrimination
analysis. Therefore, the transient behavior of the models is an
explicit part of the ADD analytical formulation, which was the
original concern that motivated the conception of this distance
measure, and at the same time this expression is completely a
function of the parametric representation of the models.

VI. ALGORITHM STRUCTURE

In this section, we present an algorithm to compute the ADD.
Given that there is no a finite expression that can be directly
computed, we propose to implement a dynamic programming
recursion for calculating the forward coefficient , (13), and
use a threshold criterion to approximate the infinite series that
defines the ADD (24). In fact, in Appendix III, it is proved that
in order to have an arbitrary precision in the recursive compu-
tation of the ADD, it is necessary to consider terms
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in the series (24). In other words, the terms of the ADD series
asymptotically present a pure exponentially decay, and we get
the precision that it is needed with logarithm order of terms as
a function of one over that precision.

The implementation has a very simple structure and uses the
definition of the following principal variables:

• , equivalent to ;
• , equivalent to ;
• , equivalent to (13);
• , equivalent to , forward coeffi-

cient (11);
• equivalent to (18);
• equivalent to the term of the ADD series (24).
Then the main recursion of the algorithm is given by

For {

For {
;

;
; (Eqn. 12)

; (Eqn.
19)

}
if {

;
}
else {

;
}

}

The threshold for the end condition can be defined based
on magnitude of and the restriction introduced by the
numeric representation used for this accumulator, for instance
32-bit or 64-bit floating point coding scheme.

VII. EXPERIMENTS

The evaluation of the ADD in three different experimental
scenarios is presented in this section. In the first scenario, where
the goal is to explore the utility of the ADD to verify model con-
vergence at training, ADD is calculated for a set of monophone
HMMs and its characteristics are observed during the course of
the training process. The second scenario uses the ADD to gen-
erate a global indicator of the overall acoustic discrimination
complexity, and aims to correlate this quantity with the phone
recognition performance. Finally, the last scenario evaluates the
ADD at a higher level of discrimination resolution. The ADD is
correlated with the experimental confusion matrix (ECM) and
with a numerical approximation of the divergence, based on
Monte Carlo simulation technique [19].

A. Speech Corpus and ASR System

For our experiments, we have chosen to use a corpus that pro-
vides speech data from children and adults, grouped by age, to
evaluate the proposed discrimination distance under a variety
of different acoustic discrimination conditions [29]. The speech

data (16 Khz, NIST) were obtained from 436 American Eng-
lish speaking children (ages 5–18 years), with an age resolution
of 1 year, and from 60 adult speakers (ages 25–50 years). The
database has 261 male speakers and 282 female speakers. This
database comprises continuous read spoken commands and tele-
phone numbers and has an average of 2300 utterances in each
category. For each age category, a training and test set were gen-
erated using approximately 90% and 10% of the entire database,
respectively.

Different monophone HMM based recognition systems were
trained for each age group (i.e., ages 5–18 and adults) using the
HTK 3.0 toolkit and the standard maximum likelihood (ML)
training strategy proposed in [17]. Each HMM acoustic unit
has a left-to-right topology with three inner states and eight
Gaussian mixtures per state. Thirty-nine dimensional features
vectors (13MFCC’s, 13 delta, 13 acceleration coefficients) were
calculated based on a 25 ms Hamming window every 10 ms. A
total of 40 monophone HMMs were created in each of these
conditions.

In this experiment, two results were used to calculate an
upper-bound analytical expression for the KLD in the case
of comparing two Gaussian mixture density functions, the
standard observation distribution for a CD-HMM [12]. We
use the upper bound approximation of the KLD between two
mixtures of probability density function proposed by Do et al.
[2], [3] and the well-defined divergence measure for standard
Gaussian distributions [9].

B. Basic Acoustic Discrimination Evaluation

The ADD was calculated for each phone model with respect
to all the others. A graphical representation of this comparison
matrix is shown in Figs. 2 and 3 for four different phases in the
training process. The data from five-year-old group is shown in
these figures, but the results were found to be consistent across
all the age groups considered in this experiments.

Figs. 2 and 3 show that the ADD has its minimum magni-
tude when the same HMMs are compared, as indicated by the
diagonal component in the graphical representation, which is a
desirable self-similarity property that any discrimination mea-
sure needs to posses. There can be few exceptions to this rule
that can result due to using an upper bound approximation for
calculating the divergence at the observation distribution level
of the models, and the fact that the analytical formulation of the
ADD does not guarantee that this measure achieves its minimum
when comparing a model with itself. Then, it is possible that two
different models with similar observation distribution and sto-
chastic transition matrix generate this nondesirable condition.
Nevertheless, in our experimental observations, such cases did
not appear to be statistically significant, in average less than
2% of the cases, and even under the aforementioned condition,
the self-ADD was the one that yielded the smaller magnitude.
Table I presents the proportion of time this event occurs for the
different experimetal data sets considered.

The dynamic evolution of the ADD across the HMM training
process is also presented in Figs. 2 and 3. The training process
used was the standard ML technique based on the expectation
maximization algorithm (EM) [16], [27], [28]. Clearly, this
technique is not based on any discrimination training techniques
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Fig. 2. Graphical representation of the ADD across monophone HMMs during the first and third training iteration. Diagonal elements correspond to comparing
same models (darker color implies smaller ADD between the HMMs). Data from five–year-old children were used for model training (reestimation) shown in this
example.

Fig. 3. Graphical representation of ADD across monophone HMMs during training iteration steps 6 and 10. The conditions are similar to that shown in Fig. 2.

such as the maximum mutual information (MMI) or minimum
discrimination information (MDI) methods [30]–[33], but it is
expected to increase the discrimination between the models,
if there is a reasonable separation among the hypotheses in
the observation space. The evolution of the ADD for different
stages of the training process, represented in Figs. 2 and 3,
shows that the discrimination of the models based on the ADD
increases systemically in the reestimation process, which is
consistent with our previous observations. Based on these
results it is reasonable to assume that ADD could give valuable
information about the overall discrimination quality of the
acoustic models. The next section emphasizes this point by
means of generating a global indicator of the acoustic discrimi-
nation quality based on ADD and correlates this quantity with
the classification performance (phone recognition in this case).

C. Correlation of ADD With Phone Recognition Performance

We propose a global acoustic complexity indicator based on
the mean relative ADD for any acoustic model (HMM). Noting

that the ADD for the same model (i.e., self ADD) is not nec-
essarily zero, the relative ADD (RADD) of the model with
respect to is defined as

Then, if we take the mean of this quantity with respect to all
of the models , , we have an average nor-
malized indicator of the for the model . This quan-
tity is expected to be proportional to how easy it is to discrim-
inate with respect to all the other acoustic models. Then,
taking the mean of for all the models ,
we get a global indicator of the complexity in discriminating
basic acoustic units based on the ADD. We define this indicator
as the global average divergence distance (GADD)

We calculated GADD for different age groups in our speech
corpus, and across different phases of the training process. Si-
multaneously, a phone-recognition system was generated under
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TABLE I
PROPORTION OF TIME THE SELF DISTANCE IS THE MINIMUM DISTANCE

ACROSS ALL THE MONOPHONE MODELS. THE PROPORTIONS FOR EACH

AGE GROUP WERE OBTAINED COMPARING MODELS ACROSS SEVEN

CONSECUTIVE STEPS OF THE TRAINING PROCESS

TABLE II
CORRELATION COEFFICIENT BETWEEN THE GADD AND PAC OBTAINED

ACROSS SEVEN CONSECUTIVE STEPS OF THE TRAINING PROCESS, FOR

DIFFERENT AGE-DEPENDENT DATA GROUPS

all these different acoustic conditions and the recognition per-
formance of this system was calculated independently for the
training and test sets. Table II shows the correlation coefficient

Fig. 4. Normalized zero-mean and unit-variance sequences associated with the
GADD, PAC training and test sets, and the log-probability per frame (training
set) across seven consecutive steps in the reestimation process for the data from
the eight-year-old group.

between the proposed indicator (GADD) and the phone accu-
racy (PAC) in the training and test set for all the experimental
conditions stated above. In order to calculate this correlation co-
efficient we used seven consecutive steps in the training process
for each data condition (age group) to calculate the GADD and
the performance of the system in each of these steps. Figs. 4 and
5 show the evolution of the normalized zero-mean and unit-vari-
ance GADD and the PAC for the training and test sets across the
re-estimation process for two particular data conditions.

The results of Table II show how robust GADD is in pre-
dicting the discrimination quality of the acoustic models.
This overall indicator shows to be highly correlated with the
phone-recognition performance evaluated in the training and
independent test databases under different acoustic conditions
and across various stages of the training process.

We expect that across the reestimation process the models
incorporate the statistical behavior of the training set and there
is a natural improvement in their discrimination capability,
which should be reflected in the performance of the recognition
system. This is the general tendency observed for the GADD
and PAC across the training process in all the data conditions
evaluated, as exemplified by the high correlation between these
two indicators (Table II). In particular, Figs. 5 and 6 show this
behavior for two data conditions, and are representative of
all the scenarios evaluated in this experiment. These results,
hence, demonstrate that the GADD is a coherent indicator of
the acoustic discrimination complexity of the recognition task.
In our experimental sessions, we observed that until about six
reestimation steps of the EM training process, there was no
over-fitting to training conditions, because across these phases
there was a systematic increase in the recognition performance
for both training and test data. However, for the data conditions
of 14-year-olds and adults, there were signs of over-fitting
effect in earlier phases of the reestimation process, which ex-
plains the relatively lower correlation compared to the average
behavior observed for most of the speaker groups. Moreover,
this lower correlation is also present between the training and
test PAC sequences.

In the case that the system presents an over-fitting effect in the
reestimation process, the system nevertheless increases its dis-
crimination capability, but the models are less representative of
independent test examples. As a consequence, in this scenario,
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Fig. 5. Normalized zero-mean and unit-variance sequences associated with the
GADD, PAC training and test sets, and the log-probability per frame (training
set) across seven consecutive steps in the reestimation process for the data from
the 15-year-old group.

Fig. 6. Normalized zero-mean and unit-variance sequences associated with the
GADD, PAC training and test sets, and the log-probability per frame (training
set) across nine consecutive steps in the reestimation process for the data from
the 13-year-old group.

TABLE III
CORRELATION COEFFICIENT BETWEEN THE GADD AND PHONE ACCURACY

PAC OBTAINED FOR THE 13-YEAR-OLD DATA GROUP, AT DIFFERENT

NUMBER OF CONSECUTIVE TRAINING STEPS

the tendency of the GADD is to be less correlated with the PAC
for an independent test set. However, it should follow a perfor-
mance tendency similar to that under the training set, because
the acoustic models systematically improve the representation
of these examples. This behavior is presented to some extent in
Fig. 6 for the age group of 13 years old, in which nine consecu-
tive steps across the reestimation process are known. In addition,
Table III shows the correlation between the GADD series and
the PAC series in the test and training set for this scenario, as a
function of the stages of the re-estimation. It is clearly observed
that the GADD is highly correlated with the PAC, in the training
set independent of the stage of reestimation, but the correlation

with the test set shows a systematic decay, reflecting the over-fit-
ting effect.

As a consequence, the GADD is an indicator of how difficult
it is to discriminate between basic acoustic units assuming that
these models are representative of the recognition task, or in
other words, representative of independent test observations.

Finally, these results indicate that GADD can provide a pre-
cise estimation of the acoustic discrimination complexity of the
recognition task, and how difficult it is in average to discrimi-
nate between the basic acoustic units disregarding any high level
information context, which supports the fact that the ADD is a
coherent discrimination measure of the HMMs used to model
basic acoustic units.

D. Correlation With the Confusion Matrix

This section is devoted to exploring the discrimination consis-
tency of the ADD formulation at a higher level of discrimination
resolution. In the previous section, the ADD discrimination be-
havior across the training process and under different discrim-
ination conditions was presented in a global sense. Then, the
natural extension is to analyze if this indicator correlates with
the confusion between individual acoustic models, and conse-
quently if it provides valuable information at this higher level of
discrimination resolution. In order to address this issue, the cor-
relation between the confusion probability matrix and the ADD
matrix is analyzed, in which each entry of these matrices
represents the experimental confusion frequency and the ADD
between the models and , respectively. For the case of the
experimental confusion frequency matrix (ECM), its symmetric
extension was used, i.e., the entry corresponds to the ad-
dition of the confusion frequency of the model given with
confusion frequency of the model given .

The direction explored is based on calculating the correlation
coefficient between the ADD and the confusion probability for
each model with respect to all the other models, which is equiv-
alent to the row-level correlation coefficient between the i-rows
of the matrices defined above. The confusion probability was
experimentally estimated by first using Viterbi decoding using
all the training material, and after that applying a dynamic pro-
gramming alignment between the original phonetic transcrip-
tion and the Viterbi-decoded transcription, using the HTK tools
[17]. Clearly, the goodness of the confusion estimation is pro-
portional to the number of phoneme unit instances in the training
set, and consequently in this phase, the entire database was used
for training and decoding, and at the same time monophone units
without sufficient realization were eliminated from the analysis,
using a frequency threshold equal to 500. Correlation coeffi-
cients were calculated between each row of the ECM and ADD
matrices, and the average row-correlation coefficients derived
as a function of the frequency of the monophone units in the
training set.

In order to have a reference scenario to evaluate the ADD in
this context, the real divergence between the models was nu-
merically approximated based on Monte Carlo simulation tech-
nique, using the methodology proposed in [19]. More than 800
independent realizations were considered for each monophone
model, in order to have an accurate estimation of the KLD and
its symmetric extension, the divergence, between the models.
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TABLE IV
EVOLUTION OF THE AVERAGE ROW-CORRELATION COEFFICIENT BETWEEN

THE ADD AND THE ECM, AND THE DIVERGENCE AND ECM AS A FUNCTION

OF THE NUMBER OF REESTIMATION STEP IN THE TRAINING PROCESS

Using this last indicator, the divergence matrix was generated,
and the row-correlation and average row-correlation were cal-
culated with respect to the ECM, using the same methodology
described above for the case of the ADD.

Table IV presents the evolution of the average row-correlation
between the ADD and the ECM and the numerical estimation
of the divergence and the ECM, as a function of the number of
reestimation steps in the training process. From this table it can
be observed that the average row-correlation between the ADD
and the experimental confusion matrix systematically increases
across the reestimation process. This result can be explained by
the fact that during the progression of the reestimation algo-
rithm, HMMs are more representative of their training realiza-
tion and consequently the experimental confusion frequency is
a better estimator of the real confusion probability between the
models, and in the progression of having better estimation of
the confusion probability, it is expected that its correlation with
respect to a discriminator indicator tends to increase. Conse-
quently, the ADD as well as the divergence present the expected
asymptotic correlation tendency across the training process; per-
haps the actual correlation is not as high as expected.

At this point, it is important to analyze the ideal reference sce-
nario, which is the average row-correlation between the diver-
gence and the ECM. This scenario can be naturally considered
as the upper bound in performance for any discrimination indi-
cator, because it makes use of the actual divergence. Table IV
shows that, even in this ideal scenario, the average row-correla-
tion is in the range of 0.4 and 0.5, which is comparatively
close to the row-correlation obtained with the ADD under the
same conditions. Then, the ADD captures a significant part of
the correlation between the ideal discriminator indicator and the
ECM; actually, the ADD row-correlation is around 17% less
than the ideal scenario in all the experimental conditions pre-
sented in Table IV.

Two reasons can be considered to explain the relatively lower
correlation between the ECM and the divergence. One reason
is the difficulty of having a reliable estimation of the confusion
probability between the models, because there is no guarantee of
accurately characterizing the actual boundaries between the ob-
servations associated with different models, given the intrinsic
complexity of the continuous speech process and the use of con-
text independent HMMs. Only an approximation is obtained by
means of the Viterbi alignment methodology which can affect

the characterization of the confusion events, and consequently
the confusion probability estimation. In fact, related to this last
issue, the first direction explored in this work to numerically
approximate the divergence was to consider the actual training
data, in which after forced alignment, all the segments assigned
to models were considered as their iid realizations, and used to
estimate the divergence between them. This approach did not
provide any consistent discrimination indicator, which reflects
the complexity of characterizing the model boundary in the con-
tinuous speech signal.

The other more fundamental reason is that there is not any
formal connection between the divergence and the confusion
probability that ensures high correlation between them in all
possible classification scenarios. In particular, the divergence
between two models is formulated based on an isolated two
class classification problem [9], independent of the rest of the
hypotheses of the problem, while on the other hand, the prob-
ability of confusion between two hypotheses is clearly a func-
tion of the total number of classes in the classification problem.
As a result, for a two class problem a high correlation may be
expected between the divergence and the probability of error
because the probability of error is clearly function of the dis-
crimination between the models in this context. However, for a
multiple class problem, given the intrinsic nature of the diver-
gence, that intuition does not have a clear justification, and the
results presented in Table IV can be considered as an evidence
of that.

At this point, a better scenario of evaluation can be reformu-
lated noting that the ADD and in general any discrimination in-
dicator tries to approximate the discrimination behavior of the
ideal divergence distance measure. Consequently, the ADD was
evaluated with respect to the numerical estimation of the diver-
gence, which provides information of how accurate the ADD
captures the discrimination tendency of the divergence formu-
lation at the finer level of resolution explored in this experi-
mental section. Table V presents the average row-correlation be-
tween the ADD and the divergence in comparison with the per-
formance of two alternative distance measures for left-to-right
CD-HMMs, the upper bound Kullback–Leibler distance rate
(UKLDR) proposed in [7] and the Mahalanobis distance pro-
posed by Tsai et al. [13], this last one based on extending the
Mahalanobis distance between two Gaussian distributions for
the case of CD-HMMs.

The results presented in Table V show that the ADD out-
performs the UKLDR and the Mahalanobis distance measure
in capturing the discrimination tendency of the divergence. In
particular, the ADD correlation performance is in most of the
cases 8% higher than the UKLDR correlation and 17% higher
than for the Mahalanobis distance correlation. In addition, Fig. 7
shows the row zero-mean unit-variance ADD and divergence
matrices for the iteration number 5 of the reestimation process,
in which it is possible to graphically see at a higher level of de-
tail how closely the ADD follows the divergence discrimination
tendency. This scenario is representative of all the other sce-
narios evaluated in this experimental section.

From a computational complexity viewpoint, the ADD algo-
rithm has complexity on the order of , where is the
number of iteration of the algorithm as a function of the required
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TABLE V
EVOLUTION OF THE AVERAGE ROW-CORRELATION WITH RESPECT TO THE DIVERGENCE FOR THE ADD, THE UPPER BOUND KULLBACK–LEIBLER

DISTANCE RATE, AND THE MAHALANOBIS DISTANCE ACROSS THE REESTIMATION PROGRESSION

Fig. 7. Row zero-mean unit-variance ADD and divergence matrices. Diagonal elements correspond to comparing same models (darker areas implies smaller
magnitude). Both graphics have the same magnitude scale, minimum equal to�3.0412 and maximum equal to 3.2891. These results were obtained at the iteration
number 5 of the Baum–Welch reestimation algorithm.

precision (Appendix II), and is the cardinality of the under-
lying state space of the models, assuming both models have the
same number of states. On the other hand, the numerical com-
putation of the is based on evaluating the likeli-
hood of an observation sequence in the models involved, where
each evaluation is order [12], with the length of the se-
quence and the cardinality of the state space of both models.
However, from our experimental analysis, this numerical esti-
mation requires more than 200 independent realizations for rea-
sonable estimation (Fig. 8). Then, perhaps the general compu-
tational complexity of ADD is larger than that of the numerical
divergence as a function of ; the constant factor of those al-
gorithms makes the difference in this context. In fact, if is
fixed for a given precision, which can be naturally associated
with the average observation length of the models involved, and

is relatively small, as the case of basic sub-word units eval-
uated in this context, the computational cost of the ADD is ap-
proximately close to the cost of evaluating an average length
observation in both models (forward or backward algorithm).
As a result, there is a computational saving of two orders of

magnitude between computing the ADD and the numerical ap-
proximation of the divergence, a saving factor that was exper-
imentally corroborated. To illustrate the convergence behavior
of the numerical KLD estimation based on Monte Carlo simula-
tion technique, Fig. 8 presents the evolution of this estimator as
a function of the number of realizations, for two representative
scenarios in our experimental setting.

Finally, the level of correlation presented for the ADD with
respect to the ECM relative to the ideal scenario clearly shows
that the ADD provides significant information of the confusion
between basic acoustic units, and validates its discrimination ca-
pabilities at this higher level of discrimination resolution. This
is also corroborated through the high correlation obtained be-
tween the ADD and the divergence, a more accurate evaluation
scenario from a discrimination point of view. In this last evalu-
ation scenario, the ADD clearly presents superior performance
with respect to two recently proposed distance measures used
for the case of left-to-right CD-HMMs. On the other hand, these
results generally show that formulation based on statistical dis-
crimination concepts such as the ADD and the UKLDR tends to
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Fig. 8. Evolution of the numerical KLD estimation based on Monte Carlo
simulation techniques as a function of the number of realizations for two
particular scenarios.

have better performance in approximating ideal discrimination
indicators, divergence in this context, than formulation based on
Euclidean distances measure of the probabilistic models, as the
Mahalanobis distance in this context.

VIII. DISCUSSION

As can be observed from the analytical formulation of the
ADD, this indicator focuses the discrimination behavior at the
observation distribution level of the models, which implies to
have a closed-form representation of the divergence between
Gaussian mixture models (GMMs), (5) and (8). However, as
mentioned in the introduction, this problem is again not analyt-
ically tractable and only approximations have been derived for
this statistical quantity, such as for instance, the upper bound for
the KLD [2] and an approximation based on vector quantizer
density estimation [8]. The upper bound formulation was used
for the practical implementation of the ADD in all the experi-
mental scenarios presented in this paper, in which an arbitrary
alignment between the mixture components of the observa-
tion distributions involved was used as part of the derivation
of the upper bound indicator. This approach is far from being
optimal in approximating a tight upper bound for the divergence
between GMMs, but even under this nonideal condition, the
ADD shows to be a significant indicator of the discrimination
between left-to-right CD-HMMs, as can be observed in our
further experimental evaluation. We expect that better approxi-
mation of the divergence between GMMs will further improve
the discrimination ability of the ADD. An interesting direction of

further work is to explore alternative parametric approximations
of the divergence between GMMs, and how the goodness of
those representations, in terms of approximating the original
divergence distance measure, affects the discrimination ability
of the ADD at the acoustic model level.

IX. CONCLUSION

We proposed the ADD as a statistical discrimination measure
for HMMs taking into consideration their transient behavior.
This ADD measure considers the substationary transient seg-
ment of the models, calculating the divergence in the entire
potential mapping between the observation distributions of the
models and their dynamic evolution, by means of weighting
the cost of each alignment by its probability, using information
obtained from the stochastic matrices of the models. We showed
a natural connection between the original definition of the di-
vergence between two HMMs and the ADD when we explicitly
introduced the Viterbi simplification of the probabilistic time se-
ries models used in the decoding phase. We formally proved that
ADD is analytically well defined for HMMs with left-to-right
topology and final absorbing nonemitting state, and an algorithm
to implement this indicator was derived using dynamic program-
ming techniques. The experimental evaluations presented for
different acoustic conditions, across training phases and age
dependent speaker groups, show that the ADD is an accurate
indicator of the discrimination behavior of basic acoustic models
(HMMs) and can provide accurate information about the overall
acoustic discrimination complexity in an ASR system.

APPENDIX I
ANALYTICAL JUSTIFICATION BASED ON

THE VITERBI DECODING APPROACH

In this section, we propose a connection between ADD and
the original definition of the Kullback–Leibler distance between
two hidden Markov models. The idea is to explicitly introduce
in the KLD definition the fact that the standard Viterbi decoding
approach [21], [26], approximates the posterior probability of
the hypotheses, HMMs in this case, given the observations, con-
sidering only the most likely state sequence

(I.1)

where represents an HMM, and refers to all the
possible state sequences of length of the underlying Markov
chain.

Let us consider two HMMs, and , and the Kullback–
Leibler distance between the models constrained to a sequence
of observations of length

(I.2)
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Introducing the simplifications of the Viterbi algorithm, (I.1),
we can define the Viterbi version of the KLD (VKLD) by

(I.3)

where is the most likely state se-
quence, which is clearly a function of the observation sequence

and the model , as shown in

(I.4)

In (I.3), we want to make use of the fact that, given the state
sequence of the models, the observations are conditionally in-
dependent, but we have the constraint that the state sequences
are functions of the observations (I.4). In order to simplify this
problem, which is again not tractable analytically, we can re-
call that the Viterbi algorithm tries to infer, using a MAP cri-
teria, the underlying state realization of the models given the
observed evidence. However, at this point, we can use the fact
that we know the statistics of the underlying state realization of
both models, and consequently, we can eliminate the observa-
tion-state dependency stated in (I.4) by simply considering all
the underlying state realizations of the models that can generate
these observation sequences governed by its Markov probability
distribution. Using this simplification, the Viterbi version of the
KLD (VKLD), (I.3), can be approximated by the following ex-
pression:

This reduction simplifies the VKLD formulation, under the fact
that given the underlying state sequence the observations are
conditionally independent, and at the same time captures the real
underlying state distribution of the models. Working with this
approximation, the VKLD between the model with respect
to model given observations is given by

(I.5)

where is the KLD considering observa-
tions conditional to the underlying product state process

[24], which is equivalent to the state mapping process mentioned
in Section II

and , are the entropy of the under-
lying state process given the models and , respectively
[24], constrained to state sequences of length

Using that and the
definition of the divergence, (2), we obtain that the Viterbi ver-
sion of the divergence between these two HMMs, ,
given all our previous assumptions, is equivalent to the ADD
defined in (5) and (6). The final steps of this derivation makes
use of the definition of ADD (5) and the fact that the state map-
ping process can be modeled as the coupling of two in-
dependent Markov chains [15] that follows the marginal state
distribution given by and , respectively, see Section III for
details. The detailed derivation is given as

As a consequence, ADD can be considered as an approximation
of the analytically intractable divergence between two hidden
Markov models, which explicitly introduces in the divergence
formulation the Viterbi approach to calculate the posterior prob-
ability of an HMM given observations in the decoding phase
(I.1). In fact, the probabilistic models used in the decoding phase
are the models that need to be considered if we want to compare
these statistical hypotheses from a discrimination point of view.

APPENDIX II
PROOF OF THE LEMMA 1

Proof: First, let us consider and
, the initial state distribution and stochastic

transition matrix of the discrete time Markov chain .
By definition, .
Let us define . Using the Markov

property we have
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If we define and
(because is transient), then we have for the general

case

The last inequality is using the hypothesis of the Lemma 1. Con-
sidering , we have

Defining , the result is proved.

APPENDIX III
ORDER ANALYSIS TO ESTIMATE THE ADD SERIES

WITH FINITE NUMBER OF TERMS AS A FUNCTION

OF A PREDEFINED PRECISION

We know that

(III.1)

where we prove that the term of the series is upper bounded by
the following expression:

for some and

Let us define , using the ratio test approach
we analyze the convergence of the following sequence:

(III.2)

Then, by definition of convergence we know that
such that .

Given that , it is possible to find such that ,

In fact, satisfies that condi-
tion.

In addition, if we consider the fact that is a
monotonously decreasing sequence, we have

(III.3)

and inductively it is possible to prove that the sequence
is bounded by

(III.4)

Then, after a finite time , the series that defines the ADD,
(III.1), is upper bounded by a series that presents a pure geo-
metric decay.

Using the previous results, the following partial sum of the
ADD is bounded by the following expression:

(III.5)

Then, if a precision is desired to estimate the ADD with only a
finite number of terms in its series, defined as , the following
condition should be satisfied:

Assuming , we can reduce the problem to ana-
lyzing the condition for the upper bound series , per
(III.5).

Then defining the constant ,
we have

Finally, we need terms of the series to have an
estimation precision for the ADD, given that and are
independent of .
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